arXiv:1504.04709v2 [math.NT] 28 Nov 2015 


SHORT INTERVALS ASYMPTOTIC FORMULAE FOR BINARY PROBLEMS 
WITH PRIMES AND POWERS, II: DENSITY 1 

ALESSANDRO LANGUASCO and ALESSANDRO ZACCAGNINI 


Abstract. We prove that suitable asymptotic formulae in short intervals hold for the problems 
of representing an integer as a sum of a prime square and a square, or a prime square. Such 
results are obtained both assuming the Riemann Hypothesis and in the unconditional case. 


1. Introduction 

In this second paper devoted to study asymptotic formulae in short intervals for additive 
problems with primes and squares, we focus our attention on density-one problems, i.e., on 
representing integers as sum of two squares. We considered the case of the sum of a prime and 
a square in our paper Q . 

We will consider two separate cases depending on the number of prime squares involved in 
the summations. Let £ > 0, V be a sufficiently large integer and let further H be an integer such 
that < H = o{N) as V —)■ oo. Taking n G the key quantities are 

^ 2 , 2 («)= L logpilogp 2 and r 2 ^ 2 {n) = logp. 

p^+irfi=n 

Since it is well known that the expected behaviour of such functions is erratic, to work in a 
more regular situation we will study their average asymptotics over a suitable short interval. 

We have the following results which extend and improve the ones cited in the Introduction 
of the paper by Daniel 0]. We write / = o°{g) for g = o{f). 


Theorem I. Assume the Riemann Hypothesis (RH) holds. Then 

N+H _ , r72 . 

E I'ilM = jH+ o(L+Hl/2A,l/4(,ogA,)3/2) 

n=N+l 

as V —)■ oo uniformly for oo{N^/^{\ogN)^) <H< o{N). 


Theorem 2. Let £ > 0. Then there exists a constant C = C{e) >0 such that 




n=N+l 

as V —oo uniformly for <H 


We remark that Plaksin |I7| (see Lemma 11 there) proves the case H = N of Theorem [2] with 
a stronger error term of the form Vexp(—C(logV)^/^). Following its proof it is clear that it 
can be further improved to Vexp(—C(logV)^/^(loglogV)“^/^). The comparative weakness of 
our error term is due to the use of the zero-density estimates for the Riemann zeta-function (we 
need them to be able to get a short interval result). A direct trial following the lines of Lemma 
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11 of Plaksin JTl leads to weaker uniformity ranges: H S> for some A > 0, assuming 

RH and H 3> A/^’7/24+i/2+e uneonditionally. Here L = \ogN. 

Coneeming the sum of a prime square and a square, we have 


Theorem 3. Assume the Riemann Hypothesis holds. Then 

N+H -rr 


n=N+l 




fM" ^ H\oglogN\ 

Vlv ^ (logA^)i/2 j 


as N ^ o° uniformly for oo{N^/^{\ogNY) <H< o{N). 


Theorem 4. Let £ > 0. Then there exists a eonstant C = C{e) >0 such that 


N+H 




n=7V+l 

as N ^ o° uniformly for <H 


log log/// 


An argument similar to the proof Lemma 11 of Plaksin [|7l| proves the ease if = A of Theorem 
|4] with a stronger error term of the form N exp (—C (log A) (log log A) ~ ^ . As in the previous 
ease, the eomparative weakness of our error term is due to the use of the zero-density estimates 
for the Riemann zeta-funetion. A direet trial following the lines of Lemma 11 of Plaksin [jTl 
leads to weaker uniformity ranges: H ^ for some A > 0, assuming RH and H ^ 

^7/24+1/2+e uneonditionally. 

Coneeming the problem about the sum of two squares, i.e. the asymptotic formula for 

r 2 , 2 {n)= Y. 

m^+m2=n 

our method leads to a weaker result than the one that follows from the well-known formula 
Ill nM = IN-N^/^ + 0(A“), with a G (1/4,1/3). 

In the proofs we will use the original Hardy-Littlewood circle method setting. This depends 
on the fact in the standard finite sums method the approximation needed to detect the main term 
contribution leads to an error term which is under control essentially only for H > see 

also Remark [T] at the bottom of the proof of Theorem [2l 


Acknowledgements. This research was partially supported by the grant PRIN2010-11 Arith¬ 
metic Algebraic Geometry and Number Theory. We wish to thank the referee for his/her re¬ 
marks. 


2. Definitions and Lemmas 
Let L = log A and £ > 1 be an integer. We define 

oo 

S^(a) = ^ A(u)c“”/^c(n^a), z=l/N — 2'Kia and U{a,H)= Y (1) 

n=l \<m<H 

where e(a) = From now on, we denote 

Et(a)-.= St(a)-^2^. ( 2 ) 

We will also need the following unconditional version of Lemma 3 of 0| ; the proof is essen¬ 
tially the same used there and so we skip part of the argument. We just repeat the definition of 
the main quantities involved and write how to use the zero-density estimates to conclude the 
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proof. In fact all of the following lemmas will be used just for f = 1,2 but we take this oecasion 
to deseribe the general ease. 

Lemma 1. Let £ be an arbitrarily small positive constant, £ > I be an integer and N be a 
sufficiently large integer. Then there exists a positive constant c\ — ci(£), which does not 
depend on £, such that 

J ^\Ee{a)\^ da exp (^-Cl ^ 

uniformly for 0< ^ < A^-i+5/(6^)-e. 

Proof. Sinee = |z|~P/^exp(—/(p/£) aretan27tA/^a), by Stirling’s formula we have that 

<^^£|^|-P/^|y|P/^-i/2expQaretan27tiVa-^|y|). 

Recalling the Vinogradov-Korobov zero-free region, i.e., there are no zeros (3 + iy of the Rie- 
mann zeta funetion having 

c' 


|3>1- 


= i-5(y), 


(log( |y| + 2 ))2/3 (loglog( |y| -h 2 )) 1/3 
say, where c' > 0 is an absolute eonstant, for |a| < 1/// or ya < 0 we get 


(3) 


expT—C 


e 




l-z)/£ 


where C,Ci >0 are absolute positive eonstants and £ G (0,1) is suitably small. Henee, by the 
explieit formula for Si whieh is Lemma 2 of [|4t|, we have 




da 


(4) 


if0<^< 1/A^, and 
Jl N 


p: y>0 


doc -|- 


n-l/N 




£ z-P/T 

p: Y<0 


'da+iV^/^-^-^e/^ (5) 


if ^ > 1/A^. We will treat only the first integral on the right hand side of ([5]), the seeond being 
completely similar. Clearly 


'l/N 


£ z'P^T 

p: Y>0 


-P/Tlfil "da= i C 




I z''’-'T(£) "da+0(l) 

p: Y>0 


( 6 ) 


where L] = tl/t = 1 /N < t] < ^/2 and ^ is a suitable integer satisfying K = 0{L). Writing 

aretan InNa = tiI2 — aretan( 1 / 2nNa) and using the Saffari-Vaughan teehnique we have 


ri E 

p: Y>0 


da 


</Vr' £ z-p/'r 

Jl '^Jdr\/2 p. j^Q 


da )d6 




^ g^(Yi+Y2-'(Pi-p2)) . 


PC Yi>0p2: Y2>0 


J, (7) 
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say, where 


7 = y(A^,ri,£,|3i,p2,Yi,Y2) = ^ (^^^Vi(oc)/ 2 (a) da)d5, 

/i(a) = |z|-^, / 2 (a) = exp ^ 


£ 2nNaJ' 

and w = w(£,|3i,P2,Yi,Y 2) = (Pi + ^ 2 )/^+ (i/^)(Yi - Y2)- Arguing exaetly as in the proof of 
Lemma 3 in 0|, see pages 6-7 there, we get 




I-(|3i+|32)/^ 


1 , ^l+YI+Y 2^2 

1 + f YTi+T 2 y 

l+|yi-T2p \ Nr\ 11’ 


henee from ([7]) and Stirling’s formula we have 

r E "da«, E E 

p: Y>0 ^ Oi : Vi >0 ot : Vt>0 


Pi: Yi>0p2: Y2>0 

I Hiyi+ii'i2 


X 


Ari 


I + IYI-Y 2 F 


■ exp —c 


Yi+Y2 \ 

A^ri J 


( 8 ) 


Sorting real and imaginary parts it is clear that 


^^i/£-I/ 2^^2A-I/2|'^ ^ j^ l+Yl+Y2 j^ 


hence the r.h.s. of ([8]) becomes 




Pi: Yi>0 


1 


2^^%2:Y2^P2<P.1 + I^l-^2P 


/Yi\2PiA-i 

L 77 


PC Yi>0 


Vp/ 


4Nr\) 


(9) 


since the number of zeros p 2 = P 2 + Hi with n < IY 1 -Y 2 I <n+lis 0(log(n-fYl))- 

Now we use ([3]) and the Ingham-Huxley zero-density estimate, i.e., for l/2<a<lwe have 
that A(o,y) Hence, uniformly for l/N < T] < by (6.17) of 

Saffari and Vaughan (SI we get that @ is 

E « E (^)^""Axp(-£^) 


Pi: Yi>0 


p/ 


Pl>l/2 

0<Yi<n4 


r[J 


«, max r ,(>2/5Kl-»)(log()«f^ 

I/2<o<I-5(A4)yo 


[\r[) 


exp 


4Nr\J 
c t y' 

~sJ^) 


dt 


■C^ max / ‘^^expf) dw 

1/2<o<I-5(N4)7o V 8 




max 


(^^)(I2/5)(I-a)^2o/£-A 


exp I —Cl 


L \l/3 


logL 


} 


( 10 ) 


I/2<o<I-5(A4) 

where ci = ci (e) is a positive constant which does not depend on £. From (H)-® and (l8])-(fT0l) 
we get 

/'LEy-''r(9fda«,iV^/-exp(-..(i^)‘'^) 


p: Y>0 


( 11 ) 
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uniformly for 1/A^ < ^ < i+5/(6£) e. Lemma[T]follows from dH)-© and ([H]). □ 

We need also the following analogue of Lemma 1 of © . Let 

oo oo 

Oig{a) = ^ (12) 

m=I m=l 

We explicitly remark that for i=\ the proof of Lemma |2] gives just trivial results; in this case a 
non-trivial estimate, which, in any case, is not useful in this context, can be obtained following 
the line of Corollary 3 of © . 


Lemma 2. Let i>2be an integer and 0 < ^ < 1/2. Then 

fall 

and 

Proof. By symmetry we can integrate over [0, . We use Corollary 2 of Montgomery and 
Vaughan I© (see also the remark after their statement) with T = ^, = exp(—//V) and 

Lr = 271:/ thus getting 

[lm,(a)\-da= i^ +0{K')) + 

>^0 r>I r>l 

since 5^ = — Lr-i /^^ The last term is -C^ 1 if £ > 2 and ^ L otherwise. This proves the 

first part of Lemma[2l Arguing analogously with = A(r) exp(—//V), by the Prime Number 
Theorem we get 

/'V/«)Pda= £A(r)V2'^/^(^+0(57l)) £A(r)V-V2''/^. 

■^0 r>l r>l 


The last term is <^£ 1 if £ > 2 and ^ otherwise. The second part of Lemma [2] follows. □ 

Let now 

oo 

Te{ct) = Y, ^ogpe~p‘^^e{p^a). (13) 

p=2 

We also have 


Lemma 3. Let £> 1 be an integer. Then |S£(a) — T£(a) | -C^ 
Proof. Clearly we have 

|S/a) -f/a)| < ^ ^ logpe”^^^/^ 

k>2p>2 


where in the last inequality we used the Prime Number Theorem. 
Letting a)(a) = a) 2 (oc) and 


oo 

0(2)= 

n=—oo 



n=—oo 


□ 


1 +2(D(a), 
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the functional equation of the 0-function (see, p.^., Proposition VL4.3, page 340, of Freitag and 
Busam |I2|) gives that 0(z) = (7t/z)^/^0(7t^/z). Hence we have 


a)(a) = 


1 1 


2 \zJ 


-:z + 


z J 


?=l 




(14) 


Lemma 4. Let N he a large integer, z= l/N — Itiia, a G [1/2,1/2] and Y = 9t( 1/z) >0. We 
have 

g-Tdy for y > 1 
y 1/2 for0<y<i. 


i=l 


-tV/z 




Proof. It is clear that 


E^ 

t=l 


-tiv- jz 


-j-o 


<Y,e 


-tidy 


-Tvy 


£=1 


£=l 


1 - 


•Cp 


-Tt^y 


for y > 1. Moreover, for Y > 0, we also have 


-}-oo 


e=i 

and the lemma is proved. 
Since 

y = 9^(i/z) 

from Lemma m we get 

-|-CX3 




f’-j-CXS 




■ 1/2 


N 


> 


1 (n 


I 


£=l 


We also recall that 


and we finally define 


[z 


if |a| < \/N 

1 -h47t2a2A^2 - I (c(2/^)-l if |cx| > 1 /N, 

exp(—Tt^A/') if |a| <\/N 

^ exp(—7t2/(cx2A/')) if 1/A/'< |a| =o{N^^/^') 


l+A/i/2|a| 


otherwise. 


|f/(a,//)| <min(//;|ari), 
< min(A/, |api) 


i-i 


B = BWc) = exp(c(j^)‘''), 
where c = c(£) > 0 will be chosen later. 

3. Proof of Theorem □ 
Recalling ([U) and (fT3]) . it is an easy matter to see that 

T 2 {afU{-a,H)e{-Na) da 


N+H . 1/2 

-n/Njt • ‘ ' 


□ 


(15) 

(16) 

(17) 

(18) 


n=N+\ 7 - 1/2 

/• 1/2 _ 

= / (r2(a)^-52(a)2)[/(-a,f/)p(-A/a)da 

7 - 1/2 

/’1/2 jp / _ jr \ 

-h J —U{-a,H)e{-Na)da + J [ 82 ( 0 )^ -—jU{-a,H)e{-Na)da 

= Io+h +I 2 , 


(19) 











ASYMPTOTIC FORMULAE FOR BINARY PROBLEMS, II: DENSITY I 


7 


say. Using the identity f^—g^ = 2/(/ — g) — {f — gY and the Cauehy-Sehwarz inequality we 
have 

/o< 


/•1/2 ^ ^ ^ r^/2 ^ 

/ |52(a)||52(a)-r2(a)||f/(a,//)|da+/ |52(a)-r2(a)|2|f/(a,//)|da 

-1/2 7-1/2 




- 1/2 

- 1/2 


152(a) |2|t/(a,//) Ida 


1/2 


-1/2 ^1/2 
|t/(a,//)|da 

-1/2 


1/2 


1/2 


IU(a,//) I da, 


by Lemma |3l By Lemma |2l (fT^ and a partial integration argument we obtain 


1/2 ~ rl/H ~ /•1/2 _ 

152(a)|2|[/(a,//)Ida</// |52(a)|2|[/(a,//)|da+/ |52(a)|^ 

l/H Jl/H 


1-1/2 


<// 


N^/^L 

H 


da 

a 


+ L-)+N'/^L+ + 

/ J\/H q 


<^^1/2^2 ^^^2 

Henee 

k < + //V2^i/4^3/2_ 

Now we evaluate I\. Using Lemma 4 of IH we immediately get 

7t 


h = 


^H\ nH „///2 


E 

' n=N+l 




N 


— -j—h u 
4e 




( 20 ) 


( 21 ) 


Now we estimate h- Again using the identity — g^ = 2/(/ — g) — {f — g)^, by Q we 


obtain 


/• 1/2 ^ 

/ 2 < / 1^2 (a) I 

7-1/2 


|t/(a,//)| 


da -j- 


- 1/2 


|£ 2 (a)p|t/(a,//)|da = 7i+72, 


( 22 ) 


|z|^/^ 7-1/2' 

say. Using (fT^-lfTTI). Lemma 3 of iH and a partial integration argument we have 

|£2(a)|2da+ /^^^|.E2(a)|2—<A^/^L2+A^i/2L2fl+ 

7-1/// Jl/H a V 7l/// c / 


Using the Cauehy-Sehwarz inequality and arguing as for J 2 we get 


Ji < HN ^/^ ( f ^^^ da )''' ( |£2(a) | 

V7-1/A 7 V7-1/N 

+ 


1/2 / /-l/N 


1/A 

fl/2 da \l/ 2 / /•1/2 

l/H a2/2/ 


1/2 

da) +// 


'1/^ da \i/2/ /•!/« 


l/N 

2 da \i/2 


ai/2j 


h,. '^^<“>1 aV2 


(23) 
da \ 1/2 


\H Ji/N ^ 1/27 V Jl/H 

^//l/2^1/4^_ 


Combining (I22l) - (l24l) we finally obtain 
Now using (fT9l)-(t^ and (1251) we have 


A+// 


n=A+l 


~N 


+ ^ 1 / 2^3 ^^ 1 / 2 ^ 1 / 4 ^ 3/23 


(24) 

(25) 

(26) 
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which is an asymptotic formula for <H< o{N). From e = e ^ + 0{H/N) for 

n G [N + 1 ,N + H], we get 

N+H _rr / f/2 , , TT N+H . 

E /LW = ^ + o(^+Y/V + H>/^A:>/4z,3/^ +0 § E (27) 

n=N+l 4 \ IV / VIV / 

Using and (|2^ for // in the previously mentioned range, it is easy to see that the 

last error term is -C H^N ^. Combining (ITT!) and the last remark, Theorem [T]henee follows for 

oo{N^I^L^)<H <o{N). □ 


4. Proof of Theorem [2] 
Recalling ([T]) and (fTSl) . it is an easy matter to see that 


N+H 

E - 

n=N+l 


, ri/2 _ 

-^l^r'{j{n) = / r2(a)2c/(-a,//)e(-iVa)da 

’ 7-1/2 

' 1/2 _ ~ fB/H jr 

(r2(a)2-S2(a)2)[/(-a,//)e(-A^a)da+ / —f/(-a,//)p(-A^a)da 

-1/2 

rB/H 


+ 


7t 


4z 


52(a)^ - — )U{-a,H)e{-Na) da + 


A/2,-BlH]Vj[B/HM2] 


J-B/H 

= /q +/i +/2 +/3, 

say, where B is defined in (fT^ . Iq can be estimated as in (l20l) and gives 

Now we evaluate I\. Using Lemma 4 of flUl and (fT^ we immediately get 

A \N) \Jb/hO?2 4e ^ R 3 / 


■U{-a,H)e{-Na) da 


N B 


(28) 

(29) 

(30) 


Now we estimate h- Using the identity = 2/(/ — g) — {f — g)^, by @ and (fT^ we 


obtain 


/2<// 


da /•«/" 

|£2(a)|—/ 

-B/H \z\' 


-B/H 


|£2(a)|2da =H{Jx+J2 ), 


say. Using Lemma[I]with i — 2we have 

/2«exp(-c,(j^)‘'’) 


(31) 


(32) 


provided that oo(l//7) < B/H < N i.e. < fj < o{N) suffices. 

Using the Cauchy-Schwarz inequality and arguing as for J 2 we get 


7i -C 


da\i/2/ fB/H 


-B/H |Z| 


j (y y |£’ 2 (cx)| daj <exp 


1/2 


Cl / L 

4 VlogL 


1/3 


(33) 


provided that 00 ( 1 //7) < fi///< 7/ < H < o{N). 

Combining (I3T])-(I^. for <H< o (N) we finally obtain 


( 34 ) 
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Now we estimate h. By (fT^ . Lemma[2]and a partial integration argument we get 

/3« \Ho.)?—«N'l-L + ^+L (n'I- + ^)l\ (35) 

Jb/h a B Jb/h V 

Now using (|28])-(I^ and and ehoosing 0<c<ci/4in (fTSl) . we have that there exists 

a eonstant C = C(£) >0 sueh that 


N+H 


n=A+I 



uniformly for < // < o{N). Theorem |2]henoe follows for -c H < ^ sinee 

the exponential weight ean be removed as we did at the bottom of the proof of Theorem 

m □ 


Remark 1. Using the finite-sum approaeh we need to define T 2 {oC) = Ei<m2<N^(^^^) 
/ 2 (a) = (l/2)Ei<m<A^ Theorem 4.1 of Vaughan [|9l| gives |72(a) — / 2 (oc)| 

(1 + |oc|A^) The main term comes from the integral of f 2 {cf)^U (—a,//) but we also need to 

evaluate the quantity 



{T2{af-f2{af)U{ 


a,H)e{-Na) da 


< 


A 15 I /2 


Since the expected order of magnitude of the main term is H, the previous estimate is under 
control if and only if H > A/^2/3^i/3 is weaker than the result we obtain. Similar remarks 
apply for the other problems studied in the remaining sections. 


5. Proof of Theorem [3] 

Letting 1 < A =A{N) < ///2 to be ehosen later, by ([B and (fT^-(fT4l) it is an easy matter to 
see that 


M/2 


- 1/2 


r 2 (a)a)(a)t/(-a,//)e(-A^a) da 


N+H 
n=N+l 

/• 1/2 ^ 

= / (r 2 (a)-52(a))(o(a)t/(-a,//)e(-A^a)da 

J-l/2 


+ 


+ 


fA/H 


Tl K 


1/2 


a/h^4z 4zV2 


7t /+^ 


fA/H _ 

a,H)e{-Na)da-\- / £’ 2 (cx)(o(a)f/(-a,//)e(-A^a)da 


l-A/H 




U (-a, H)e{-Na) da + 


[-l/2-A/H]u[A/H,l/2] 


' ~A/H 2z 
= /0 + /l +/2+/3+f4, 

say. Using Lemma[3]and the Cauehy-Sehwarz inequality we have 


-a,H)e{-Na) da 
(36) 


k < 


-1/2 

-1/2 


|(o(a)|^|t/(a,//)|da 


1/2/ /•1/2 


-1/2 


|t/(a,//)|da 


1/2 


By Lemma 12 (fT^ and a partial integration argument we obtain 


( 37 ) 
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Now we evaluate Ii. Using Lemma 4 of flUl and (fT^ we immediately get 


N+H 


E I 


n=A+l 


7t 


1 


4 4n^/^ 


\e-»/N + o(^) + o( 

/■1/2 da\ 


/ \nJ \ 

Ja/h a2/ 


nH 

4e 




To have that nH / (4e) dominates in lo+h we need that A oo, H = o{N) and H = oo(A^^/^L^). 

Now we estimate I^. Assuming H = oo(A^/^A), by (fT5])-(fT7]). we have 


h < 


< 


HN 


cifN 

H 


doc ' 


H 


'1/^^ da 


+ 


A/N 

HL 


+ 


rA/H 


da 


.tz^h^/n a Ji/H a 2 e’'V(A'« 2 ) 


+ ■ 


H 




(39) 


whieh is o{H) provided that H = oo(A^/^logL) and H = oo{N^/^A). 

Now we estimate h- Reealling H = oo(A^(^A), for every |a| <A/H we have, by (fT4l) - (fT5]) . 
that |(B(a)| <C Henee 

>.« r 

J-A/H |z|L^ 

Using (fTVl) and the Cauehy-Sehwarz inequality and Lemma 3 of [|4|| we get 


h < HN^/^ ( da) |£ 2 (a) | 

Vy-l/A ^ ^J-l/N 

da \i/2 


da 


1/2 


+ 


'\/H 


+ H 

l/N 

da \ 1/2 


i/« da \i/ 2 / r^/H, 


T/A 


. , ,,2 da \ 1/2 

I£2(a)l 




\H Ji/N ^1/2/ V Ji/H ^3/2/ 

^//l/2^1/4^_ 


(40) 


Remark that I 2 = o{H) provided that H = 

Now we estimate U. By (fT^ . Lemma |2] and a partial integration argument we get 

- 1 / 2 . ~.da 

lA/H .a 

JA/H 


/• 1/2 ^ 

< / |S 2 (a)a)(a)| 

Ja/h 

( 1 /7 

< (^/v1 /2 l+^ + 

«u7(n>7+|) 


< 


2da\i/2 


/•1/2 ^ 

/. I^2(a)| 

lA/H a / 


,2day/2 


'^27 


A/2 

I , l®(«)l ^ / 

A/H a / 


HL 


(41) 


whieh is o(//) provided that A = oo(^L^/^) and H = 

Combining the eonditions on H and A we ean ehoose A = iJ j (logL) and H = oo(//i/ 2 /^ 2 ^ 
Henee using (l3^- (l4T]) we ean write 


N+H 

E - 

«=A+1 


-n/N J 


'H^ 


HlogL 


2,2 


, , 7t// 

■") = 17 + °(lv + li/2 


^^l/2^3/2^^1/2^1/4^ 


Theorem [ 3 ] follows for oo(A^/^L^) < H < o{N) sinee the exponential weight e ean be 
removed as we did at the bottom of the proof of Theorem [T] □ 
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II 


6. Proof of Theorem [4] 
By ([T]) and (fT^ -(fT4l). it is an easy matter to see that 


N+H 

^ e “'‘'r 2 2 (n) = 

n=N+l 


,-n/Nj 


- 1/2 

-1/2 


r 2 (a)a)(a)t/(-a,//)e(-A^a) da 


M/2 

'- 1 / 2 ' 


(r 2 (a) - 52(a))(o(a)t/ {-a,H)e{-Na) da 


+ / (t- ^)u{-a,H)e{-Na)da+ / E 2 {a)(o{a)U{-a,H)e{ 

J-B/H\^Z J-B/H 


f-B/H ^ ^2,2 


'—D/ti ^,£=1 




[-l/2,-S///]u[B///,I/2] 

= /0 + /l +/2+^3+^4, 

say, where B is defined in (fT^ . /q can be estimated as in (1^ and gives 

I\ can be evaluated as in (l3^ and we get 

^ nH ^///2 H\ 

Now we estimate h- Using (fT^ and the Cauchy-Schwarz inequality we obtain 
h^H 

say. Using Lemma[I]we can write 


Na) da 
-a,H)e{-Na) da 

(42) 

(43) 


B/H _ X 1/2 / rB/H , \ 1/2 , 

|£2(a)pda) ( / |a)(a)|2da) =H{JiJ2y^^, 

-B/H / ^J-B/H 2 


provided that oo(l/A7) < b/H < A/^^ 2 /i 2 -e/ 2 ^ ^ ^ ^7/i2+e < // < o{N) suffices. 
Using Lemma|2]with £ = 2 we have 

/Vi /25 

J2 < ——+L<L. 

tl 

Combining (I45l) - (l47]) for A^2/i2+e < // < o {N) we finally obtain 

/ Cl / L \ 1/3 

/ 2 «Hexp (--(—) 


Now we estimate 73 . By (fT5])-(fT7]). we have 

77/V rViv // rB/H da 


da / Cl / L \ 1/3 

Ji/N oc V 4 VlogL/ 


logL/ 


since / 72 / 12 +e < // < o( 77 ). 

74 can be estimated as in (|4TI) and gives 


,/./ wo 77\ 


(44) 


(45) 


(46) 


(47) 


(48) 


( 49 ) 
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Now using (l^- (l44l) and (l^-(l50l). and choosing 0 < c < ci in (fTSl) . we have that there exists 
a eonstant C = C(£) >0 sueh that 


N+H 

E 


n=N+l 




uniformly for for <H< o{N). Theorem 0] henee follows for < H <N^ ^ 

sinee the exponential weight ean be removed as we did at the bottom of the proof of 
Theorem [U □ 
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